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XCB-Reflex Problem

Not an open problem
, but offered as a challenge problem

by Bill M
cCune

XCB was recently proven to be the 14th and final
shortest single axiom

 for equivalential calculus

Proof of reflexivity from
 XCB leant hope to effort to

find that XCB was a shortest single axiom

11 step proof of reflexivity from
 XCB was used to

help find proof that XCB was a shortest single axiom



10 Step Proof of XCB-Reflex
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10)  
e(x,x)

Using condensed detachm
ent inference rule

  e(x,y) & x -> y
(m

odus ponens plus unification)

Com
plete exhaustive search guarantees this is

shortest possible



Interesting Fact about XCB

• there was doubt that XCB could be a single axiom

• failed to find any consequences that did not include
  an instance of XCB as a subform

ula (until XCB-Reflex
  was proved)

• now able to show that all form
ulas with derivations

  of 7 or fewer steps contain an instance of XCB

• e(e(x,y),e(x,y)) has an 8 step proof



Finding Shortest Proofs

W
os et al. at Argonne are very interested in finding

short condensed-detachm
ent proofs

• Find a proof (using O
tter)

• Shorten that proof (e.g., by avoiding steps)

• Repeat

Q
uite successful, but unsystem

atic, and no guarantee
of m

inim
um

 length



O
tter

Very good for finding proofs

Not designed to find shortest proofs

Subsum
ption elim

inates results with short derivations
if m

ore general result is found, even if by longer derivation

Search is ordered by term
 weight, not deduction length

Elim
inating subsum

ption and using breadth-first search
is theoretically sufficient, but im

practical due to m
em

ory
use



PTTP

Prolog Technology Theorem
 Prover provides a different

style of theorem
 proving than O

tter

• No subsum
ption

• Depth-first iterative deepening search instead of
  breadth-first search to m

inim
ize m

em
ory use

• Partial proof enum
eration guarantees finding of a

  shortest proof (in the m
odel elim

ination calculus)

• However, shortest m
odel elim

ination proof m
ay not have

  fewest condensed detachm
ent steps



CO
DER (CO

ndensed DEtacheR)

• Uses SNARK code for unification, term
 ordering, etc.

• Enum
erate condensed detachm

ent derivations

• Depth-first iterative deepening search instead of
  breadth-first search to m

inim
ize m

em
ory use

• Exhaustive search can guarantee that a proof is
  shortest

• However, there are m
any condensed detachm

ent
  derivations up to specified length, m

aking it im
practical

  to search for shortest proofs beyond a very sm
all length

• Veroff did som
ething sim

ilar, using linked inference in
  O

tter



How Bad Can It Be?

There are   n! 2   n-step derivations from
 a single prem

ise
assum

ing

• every condensed detachm
ent is successful

• no redundancy elim
ination (even duplicate steps are

  allowed)



Reducing the Num
ber of Derivations

Reject derivations where

• Latest form
ula is an instance of an earlier form

ula in
  the derivation

• Latest form
ula is a generalization of an earlier form

ula in
  the derivation, unless the earlier form

ula is used to
  derive the latest

• Not all steps are used in the final derivation (check
  num

ber of so far unused steps against num
ber of

  rem
aining steps in search)

• Steps appear in different order than a single
  standard order (use LRPO

 to com
pare justifications

  of latest and im
m

ediately previous steps)



How Usable is This?

Severely lim
ited as W

os et al.’s argum
ents against

breadth-first search for finding shortest proofs suggest

G
enerally practical for finding guaranteed shortest

proof with ~10 steps in m
inutes or hours

Extending a derivation by 1 step typically increases
search space by factor of 10-20



Derivation of/from
 Shortest Single Axiom

s
of Equivalential Calculus
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